Large N matrices underpin the best understood models of emergent spacetime. We suggest that large N matrices can themselves be emergent from simple quantum mechanical spin models with finite dimensional Hilbert spaces. We exhibit the emergence of large N matrices in a nonlocal statistical physics model of order N 2 Ising spins. The spin partition function is shown to admit a large N saddle described by a matrix integral, which we solve. The matrix saddle is dominant at high temperatures, metastable at intermediate temperatures and ceases to exist below a critical order one temperature.
Introduction
Large N by N matrices [1] are ubiquitous in contemporary fundamental physics. In particular, the currently best understood models of emergent spacetime involve 'microscopic' degrees of freedom that are valued in large N matrices [2, 3, 4, 5] .
While the large N matrices may be taken to be the microscopic starting point for quantum gravity, in this paper we explore the possibility that the large N matrices are themselves emergent from an even simpler model, with a finite dimensional space of states.
Our eventual hope is that if spacetime can emerge from, for instance, a quantum mechanical spin system, then it may be possible to understand phenomena such as emergent locality in detail using the many quantum information-theoretic results known for such systems.
Our work can also be motivated from a statistical or many-body physics perspective.
Building on the classic paper [6] , a large body of techniques exists for solving matrix integrals and matrix quantum mechanics. If certain spin systems can be mapped onto large N matrices, then they may be exactly soluble. Furthermore, novel types of phase transitions may occur that do not involve symmetry breaking but rather changes in topological order (cf. [7] ) such as the connectivity of the eigenvalue distribution of the matrices [6] .
The simplest class of matrix theories are matrix integrals. These are statistical physics partition functions with no time. Our model will be of this type. An important precedent for our work is [8] , who relate the high temperature phase of a nonlocal spin system to a matrix integral and furthermore show that the low temperature phase is glassy. The model we will solve is in fact the 'ferromagnetic' version of the 'antiferromagnetic' model studied in [8] . Some of our manipulations will parallel [8] closely while others will be different. We will see that the ferromagnetic model has its own charm.
Our starting point is the nonlocal Ising spin partition function (3) for N × N F ∼ N 2 spins. We show that as N → ∞ the partition function can be written as the matrix integral (17) , with a parameter determined self-consistently by the constraint (18) . The emergence of an SO(N ) symmetry is nontrivial, as is the fact that the matrix action is purely single trace. We solve the matrix integral by finding the eigenvalue distribution (26). We verify our results via Monte Carlo simulation in figure 3 . The matrix integral saddle is found to be metastable below a temperature T * ∼ N and ceases to exist below a critical temperature T c ∼ 1. A certain correlation between sets of four spins (65) is shown to distinguish the disordered matrix integral saddle from competing ordered low energy states. We discuss possible implications of these results and future directions in the final section.
A nonlocal Ising model
Let us introduce the model. The basic operators in the theory are an N × N F matrix worth of spins S Ab . Here the matrix indices A = 1 . . . N and b = 1 . . . N F . Without loss of generality we can take N F ≤ N , but in general we will imagine that N F ∼ N are the same order of magnitude, so that
is order one. We will have in mind spin-half representations, normalized so that each 
When λ < 0 the model is 'ferromagnetic'; the four-spin interaction favors an even number of spins to be aligned and, in particular, the states with all spins aligned (but not only these states, as we discuss below) minimize the energy. The 'antiferromagnetic' λ > 0 case, however, favors an odd number of each four-spins to be aligned. In this paper we study the ferromagnetic case with λ < 0. The antiferromagnetic model exhibits frustration and glassiness and was studied in [8] .
The Hamiltonian (2) has several symmetries. The energy is invariant under permuting rows or columns, this gives an S N × S N F symmetry. Furthermore, the Hamiltonian is invariant under flipping the sign of all the spins in a single row or column, this gives a
symmetry. These symmetries do not determine the Hamiltonian to be of the form (2), even when restricted to four-spin interactions. For instance, these symmetries allow the matrix indices to be repeated more than twice. In this sense the trace structure of (2) is fine tuned. The 'matrix' structure in (2) does not imply SO(N ) or SO(N F ) symmetries, which will be emergent in certain large N phases.
The Hamiltonian (2) is reminiscent of that for a Z 2 gauge theory. It differs in the nonlocality of the four-spin interactions. In particular, the Hamiltonian does not have the
symmetry of a gauge theory. Nonetheless, the Z N +N F 2 symmetry we have described is still much larger than an overall global Z 2 symmetry.
The quantity of concern to us will be the ferromagnetic, finite temperature partition function. This is
We have chosen a convenient normalization, λ = −1/(16N ). Here we use Tr to denote the trace over the spin Hilbert space (rather than the matrix index trace tr).
Hubbard-Stratonovich transformations
The sum over spins can be exactly reformulated as an integral over bosonic degrees of freedom. This is achieved in two steps. Introducing a symmetric N × N matrix Q AB as a
Hubbard-Stratonovich field, we can write
For the normalization of the first line, note that the integral is over symmetric matrices while the sum over A and B in the exponent runs over all indices. In a mean field limit one would have Q AB = β 4N σ Ac σ Bc , we can roughly have this in our mind as the physical meaning of the matrix Q. The second line uses a step adapted from the solution of the Sherrington-Kirkpatrick model of spin glasses, see e.g. [9] . In the third line we introduced the reduced partition function for N (rather than N × N F ) Ising spins
To get rid of the sum over spin states entirely, we perform a second Hubbard-Stratonovich transformation. This is also a standard manipulation, e.g. [9] . The reduced partition function (7) can be written as
Here we have introduced an N -component bosonic mode w A . The above expression is exact. Inserting this expression into the full partition function (6), we have recast the spin system as one matrix degree of freedom Q interacting with N F vector degrees of freedom w.
However, while these bosonic degrees of freedom are matrices and vectors under an SO(N ) action, the final term in the exponent in (9) is not SO(N ) invariant. The objective in the next few steps is to deal with this term.
Taylor expanding the non-SO(N ) invariant term in (9) gives
We would like to be able to keep only the first (quadratic in w) term in the expansion of log cosh above, by arguing that the higher order non-singlet terms are subleading in a large N expansion. Being able to neglect the non-singlet terms is the most nontrivial step in relating the spin system to a matrix integral. Further manipulations are necessary before we can do this, as we explain shortly. If we were to simply go ahead and neglect the quartic and higher terms in (10) , then the remaining quadratic integral over w would be easily performed to give
This expression beautifully re-expresses the sum over spins (7) as a single trace exponent.
However, it is not quite correct.
To see the problem with (11), consider a formal high temperature (i.e. β → 0) expansion of the full partition function to all orders. From the partition function (6) we expect that inside the integral Q AB ∼ β/N at large temperatures, as the quadratic term in the action becomes dominant. This holds for all components of Q, diagonal and off-diagonal. However, the propagator of the w modes in (10), read off from the quadratic
The diagonal and off-diagonal components of this matrix scale differently, and we shall see that this causes problems. In particular, order by order in β, that is order by order in an expansion of G in powers of Q, the N scaling takes the form G AB ∼ s δ AB + t/ √ N , where the coefficients s and t are independent of N . Thus while the off-diagonal components of G AB scale like 1/ √ N , the diagonal components are order one. These order one diagonal components follow immediately from the Gaussian expectation value (Q 2n ) AB ∝ δ AB .
The coefficient of proportionality is order one because the normalization of the quadratic term in (6) implies that tr [Q 2n ] ∼ N .
The SO(N ) invariant terms in (10) resum into an exponent of order N in (11) . How big is the contribution from the neglected non-singlet terms? Expanding out the nonsinglet terms in (10) and Wick contracting with the w propagator (12) gives terms such
We can ask how a term with 2m factors of G will scale with N . Let us suppose all the components of G were to scale like 1/ √ N (which is not the case yet). Noting that the number of sums over indices is at most m (because the terms in (10) are w 4 A , w 8 A , etc. and so each index is repeated four times or more for every two factors of G), we conclude that the terms scale at most as N −(2m)/2+m ∼ 1. These terms will then exponentiate into an order one exponent that is subleading compared to the order N exponent in (11) . This is what we would like to happen.
The diagonal components of G, however, are not suppressed at large N . This leads to terms such as G 2 AA ∼ N that compete with the singlet terms kept in (11) . To fix (11) we therefore need to remove the order one trace from G. This can be done as follows [8] . From the definition of the reduced partition function (7), we can write
where we removed some part of the trace of Q, so that
for any constant γ. The notation (γ −1) in the above two formulae is for future convenience.
In particular, if we neglect the non-singlet terms as in (10) , but now for z( Q) rather than z(Q), we obtain the (different to (11) ) new answer
tr log(γ−Q) .
It is now clear what we have to do, we must choose γ so that the propagator G for w (the modes that decouple the partition function z( Q)) satisfies
By removing the trace of G in this way, all terms in G will scale like 1/ √ N and therefore (15) will be true, following the N counting argument of the previous paragraph. 1 Having obtained (15) , the full large N partition function becomes
1 The order one diagonal elements now introduced into Q do not disrupt this argument. These terms do not change the 1/ √ N scaling of G.
Here we have only kept the leading order in large N terms in the prefactor. With the large N partition function in this form, we can now apply the highly developed machinery of matrix integrals to our statistical physics problem [6] . The large N matrices have emerged from the nonlocal spin system. The partition function has acquired an emergent SO(N ) invariance and is furthermore described by a single trace action.
At this point we can note (following [8] ) that the value of γ that we have chosen in (16), is precisely the one that extremizes the exponent in the matrix integral (17) . Namely
Here refers to the matrix integral average. Thus (18) has the form of a self-consistent 'gap equation' for γ. We feel that the physical interpretation of this constraint remains to be fully elucidated.
In the following section we proceed to solve the matrix integral (17), with γ selfconsistently determined by the constraint (18) . We note in passing that a matrix integral similar to (17) arises as the 'radial subsector' of certain multi-matrix integrals [10] .
Matrix model saddle
Rotating to an eigenvalue basis, the partition function (17) becomes
It is natural to keep the factor of 2 N N F explicit to connect to the original sum over N N F spins in (3) . Note that we are dealing with an integral over real symmetric matrices rather than hermitian matrices, this will affect the coefficient of the repulsive inter-eigenvalue potential. Working to leading order at large N we can use the expression
and obtain the eigenvalue action
The constant
The equations of motion following from (21) are Introducing the eigenvalue distribution (normalized to unity)
then in the large N limit the equations of motion (23) become
The integral equation (25) can be solved for the eigenvalue distribution using standard techniques [6] . The following solution is found
with vanishing support elsewhere. The endpoints a and b must satisfy two conditions
The first of the above two equations ensures that the final term on the right hand side of (25) is matched, while the second is the normalization condition. Finally, the constraint
For a given α, β, the eigenvalue distribution is fully specified once we have solved (27) - (29) for a, b and γ. The eigenvalue distribution must be nonnegative everywhere. An example eigenvalue distribution is plotted in figure 1 , together with the external potential appearing in the eigenvalue action (21):
In figure 1 we see the first indication that the matrix integral saddle point we have found may be metastable: the potential becomes unbounded below at x = γ. Furthermore, as the temperature is lowered (i.e. β large), then the repulsive logarithmic term becomes more important in the external potential (30). Eventually, the repulsion between eigenvalues will push them over the maximum seen in figure 1 and the solution will no longer exist. This is a well known phenomenon [6] . Indeed, it is found that physical solutions to the algebraic equations (27) - (29) only exist in the range of temperatures
A plot of the critical temperature as a function of α is shown in the following figure 2. The 
As we might have anticipated, smaller α allows the saddle point to exist to lower temperatures, as it reduces the strength of the logarithmic term. 2 At the critical temperature we 2 When α exactly vanishes, there is no critical temperature -the distribution in this case is just the
Wigner semicircle distribution at all temperatures. Thus the limit α → 0 is discontinuous -at any nonzero α the saddle disappears below an order one temperature.
(thus, for instance, with α = 1 and at the critical temperature: γ = 
This is a familiar effect for these types of transition [6] .
The derivation of the matrix integral from the full partition function, in particular the z(Q) part (10), gives a 'physical' interpretation of the instability. The w vector modes have been integrated out to obtain the matrix model (17) for Q. However, once the eigenvalue distribution for Q is pushed towards x = γ, then some of these modes that were integrated out become massless. One must then contend with the whole partition function. Indeed, we will see in section 2.5 below that at low temperatures the partition function is dominated by Q matrices with a large eigenvalue and that these configurations compete with the matrix integral saddle discussed so far.
At high temperatures, the distribution becomes narrow as the quadratic term in the action (21) dominates. The physical solution to the algebraic equations behaves as
This expansion allows us to evaluate the on shell action in a high temperature expansion.
In the continuum large N limit the action (21) becomes
To evaluate on shell, we may use the fact that for distributions satisfying the equations of motion (25) we have
The constant κ is easily fixed by evaluating the above expression at e.g. the upper endpoint x = b. All the integrals necessary to evaluate the action can be done explicitly. The difficulty for obtaining an explicit answer is the need to solve the algebraic equations (27) - (29) for a, b, γ. In a high temperature expansion (34), the on shell action is found to be
These coefficients are essentially counting the number of contractions that contribute to the free energy at order N 2 in an expansion of the spin partition function (3). In fact, the first term is simply the Hamiltonian averaged over all spin configurations times β/N 2 . To see this first note that the terms in the Hamiltonian that involve four different spins average to zero. However, the terms that involve only two different spins, i.e. σ 2 Ab σ 2 Ad and σ 2 Ab σ 2 Cb , are identically equal to one. There are N 2 N F + N N 2 F of these terms, which leads to an average energy E = −N 2 (1 + α)α/16. Using that E = N 2 (∂S/∂β) we verify the first term in (37).
In the case α = 1, where N = N F , we have been able to obtain the action in closed form (up to the need to solve for γ). If we definē
then the on shell action is found to be
We originally found this result by inspection of the high temperature expansion for the action (37) to high order. We have also used the fact that γ can be scaled out of the on shell action (35) if β is also rescaled toβ. It turns out that (39) is very closely related to a familiar combinatorial expansion [11, 12] that can be exactly resummed. The discussion in [11, 12] concerns a quartic rather than our logarithmic interaction between the matrices.
The connection between the two is due to the fact that a quartic reformulation of the constrained logarithmic problem is possible when α = 1. This quartic formulation was used in [8] ; we adapt their computation to our ferromagnetic case in appendix A and recover several of our results from this alternative perspective.
The full expression (41) allows us to see easily the non-analyticity appearing asβ → β c = 1/3. We noted below (33) above that at the critical temperature γ = 4 3 for α = 1, and hence we recover the critical temperature β c = γ 2β c =
16
27 that we quoted above in (32). The non-analyticity appears as
This corresponds to a very weak non-analyticity in the free energy
We expect there to be a first order transition at T c , as we will confirm shortly, and so this weak non-analyticity will only be seen coming from the high temperature side of the transition. Furthermore, we will see that the eigenvalue saddle is metastable (but long lived as N → ∞) by the time it disappears at T c .
While we have presented a closed-form answer for the free energy only for α = 1, in the following subsection we will derive an exact expression for the energy
for all α.
Exact expression for the energy
From the definition of the energy in (44), together with the matrix integral partition function (19), we have
Here the eigenvalue distribution is the solution (26). The integral in the first line may be performed exactly. To obtain the final line we have simplified the expression slightly using the equations (27) -(29) for a, b, γ. We need to solve those algebraic equations numerically to obtain a numerical value for the energy from (46). For the case of α = 1, the equations for a and b can be solved analytically. The energy then agrees with the result following from (41).
Verification by Monte Carlo numerics
We have verified the analytic results above by performing Monte Carlo numerics on the original spin system (2). We used a simple Metropolis algorithm. For concreteness we have focussed on the α = 1 case. The results presented below used a 200 × 200 system size.
We ran several tens of Monte Carlo sweeps at each temperature. For each temperature we made a histogram of all of the values of the energy obtained over the many Monte Carlo time steps (neglecting the steps in the first sweep). After enough sweeps were performed, this gave us an approximately Gaussian distribution of energies, from which we extracted the average value as well as the standard deviation. This deviation is intrinsic, due to the finite size of the system, and eventually does not decrease upon running for a longer time.
The (within the error bars) systematic error in the data is due to terms subleading in N that are neglected in the matrix integral result. system (2) is indeed described by the matrix integral (17) . We will see shortly that, in fact, for temperatures below a much higher temperature, T * ∼ N , the matrix integral saddle is metastable. Nonetheless, because the Monte Carlo works by cooling from a high temperature configuration, it gets trapped in the metastable configuration for a very long time. As N → ∞, the metastable configuration becomes infinitely long lived and so is physically meaningful. We can see this from the eigenvalue potential (30), plotted in figure   1 . The eigenvalue distribution is locally stabilized by a free energy barrier of height N 2 .
For T < T c the Monte Carlo converges to one of the ground states of the system. The transition at T = T c therefore appears to be a first order transition to a non-matrix integral saddle. We turn now to a discussion of this transition and of ground states.
Ground states and metastability
The ferromagnetic (λ = − 1 16N < 0) nonlocal Ising model (2) has a large number of ground states that are easily characterized. The first is when all spins are up: σ Ab = 1 for all A, b.
The remaining ground states are all obtained from this one by acting with the symmetries described above equation (2) . The symmetry operations are flipping all the spins in a single row or column, and permutations of rows or columns. The ground state energy and degeneracy are thus seen to be
The reason the degeneracy is not 2 N +N F is that if we flip the sign of all the rows and columns then we get back the same state we started from. While the ground state degeneracy is large, it is not extensive. The possibility of characterizing the ground states explicitly is one difference between the ferromagnetic and the antiferromagnetic cases. The antiferromagnetic case exhibits frustration and glassiness at low temperatures [8] . On the other hand, our ferromagnetic case has ordered low energy states with energies E ∼ −N 3 .
These ordered states will necessarily dominate at low temperatures.
In the Monte Carlo simulation we indeed observe that below a certain temperature one of the ground states is reached after some number of sweeps. The sudden drop in energy clearly indicates a first order phase transition. To determine the transition temperature accurately a different method is needed. One should look at the canonical distribution
where g(E) is the density of states. For first order phase transitions, the canonical distribution has a characteristic doubly peaked structure as a function of energy near the transition temperature. For finite N the transition temperature is determined by the temperature at which the two peaks are of equal height. Using a Monte Carlo simulation to obtain the density of states, we can obtain a fairly accurate value for the transition temperature [13] .
This simulation is temperature independent and therefore does not suffer from hysteresis or states with energies close to the ground state energy, so that E ∼ −N 3 . These are the ground states themselves together with some flipped spins. Then there are order 2 N 2 states whose energies are of order E ∼ −N 2 . These are the configurations that contribute to the matrix integral saddle point. These two contributions will be roughly the two peaks in the canonical distribution. Thus, very very schematically, we may write the partition function
This simplified model of the partition function captures a key non-commutativity of limits.
If we keep N fixed and take the high temperature limit, then for temperatures above T * ∼ N the matrix integral saddle (the second term) dominates because of its higher entropy (which is of order N 2 ). However if we keep T fixed and take the large N limit, then the low lying states always dominate the partition function because their energy is much lower. Recall that we derived the matrix description (17) of the partition function in a formal high temperature expansion to all orders. This non-commutativity of limits explains why the matrix saddle can be metastable or disappear entirely at low temperatures. The competition between the matrix configurations and the ground states is one of entropy versus energy, as is characteristic for first order phase transitions.
Varying N in the numerics, we find a linear dependence of the transition temperature T * on N . In figure 5 we see -using low values of N = N F = 5, 10, 15, 20, 25 -that the peaks in plots such as figure 4 exchange dominance at
This value can be understood using the logic of (49) at high temperatures: The ground state energy (47) and the degeneracy of the matrix states (19) become equal at T * = N/(16 log 2) ≈ 0.09N , in good agreement with (50), given that the data is not fully in the large N limit. At large N this temperature is much greater than the T c at which the matrix integral saddle ceases to exist. To put everything together, it is instructive to understand where the ground state contribution is to be found when the partition function is expressed as an integral over the Q matrix (6). We have already seen that the matrix saddle involves Q matrices with eigenvalues or order one or less. In the following subsection we see that the first term in (49), the 'ground state' contribution, comes from Q matrices with large eigenvalues.
Low temperature expansion and large eigenvalues
Consider a low temperature expansion of the partition function (6), written as an integral over the Q matrix. As β → ∞ the integral is dominated by large Q. It follows that in this limit the reduced partition function z(Q) is dominated by its ground states. This is because the overall magnitude of Q can be considered as an inverse temperature in the reduced partition function (7). Therefore we have
where g 0 (Q) and E 0 (Q) are the ground state degeneracy and energy of the Hamiltonian
The full partition function becomes
In the above expression we see that the matrices Q that lead to the lowest ground state energies E 0 (Q) (at fixed Q AB Q AB ) will give the largest contribution to the integral.
Consider the set of matrices where we fix the magnitudes of the components of the matrix to be |Q AB |, but allow arbitrary signs ±. Among this set, the ground state energy of the spin system (52) is minimized by the matrix with all positive signs and by all matrices related to this matrix by changing the sign of any number of rows and corresponding columns (the Q matrix is symmetric). The ground state energy for these 2 N −1 matrices is 3
and the degeneracy g 0 (Q) = 2 corresponding to flipping all the spins. The contribution of this set of matrices to the partition function is then
Here the + index indicates that we have restricted the integral to being over matrices with only positive entries. We have argued that these should dominate the low temperature partition function. The factor of 2 N −1 describes the contributions from matrices related to these by flipping the signs of rows and columns as described above. It is easy to do the integrals in (55) by completing the square and using the large β limit to write
which is precisely the ground state contribution expected from the energies and degeneracies given in (47) above. We have made no large N approximation in this computation.
The above computation (see equation (55)) shows that the ground state contribution to the partition function comes from matrices with entries
In particular, the matrix will have one very large eigenvalue, of order N F β. As anticipated, this is distinct from matrices contributing to the matrix integral saddle which had all eigenvalues of order one or smaller.
In fact, at large N , the shift
dx can be performed at any temperature because the Gaussian f (x) = e −N x 2 /β has a very narrow width. Therefore, the computations above extract the large Q contribution to the partition function at any temperature, so long as N is large. Even away from high temperatures, the competition between the entropic and energetic contributions to the partition function (49) appears as the competition between Q matrices with small and large eigenvalues. 
Order and disorder
In this section we argue that the low temperature saddle describes an ordered phase, while the matrix integral saddle corresponds to a disordered phase. Remember that all the ground states are related to the state with all spins up by the symmetries that flip the spins along rows and columns. The ground state energy is E 0 = −N N 2 F /16 and follows from the fact that each term in the Hamiltonian is −1/(16N ) for these states. Naïvely, the lowest excited states have one spin flipped compared to a ground state. This spin participates in N N F terms in the Hamiltonian, but in N + N F − 1 terms it appears raised to an even power, so the energy gap this predicts is (N F − 1 − α + 1/N )/8. We confirmed this numerically for various small systems.
To discuss ordering, it is useful to consider the operator . This operator is a term in the Hamiltonian (2) and it is invariant under flipping spins along rows and columns. It is necessary to consider four spins in order to obtain an operator that is invariant under flipping the sign of both rows and columns independently. We will define a local defect at (A + 
This corresponds to four spins on the corners of a rectangle of width M and height n. The statements that ground states have no defects and excited states have increasingly many defects again holds. Therefore, all of these defect operators are at our disposal to construct a quantity that distinguishes the large Q saddle (with states that are 'close' to the ground states) from the matrix integral saddle. The quantity that does the job nicely turns out to
Here we may take any two rows labelled by A and M . The quantityX AM has the virtue of admitting a simple expression in terms of the Q matrix
where
. In the second line we used integration by parts. Note that the indices P and M are not summed over.
Using (64), it is now straightforward to evaluate X P M in both saddles. In the matrix integral saddle, as we discussed above, the matrix elements of Q are of order β/N . In contrast, evaluated on the Q matrices with large eigenvalues we found in (57) that the elements were of order αβ. Therefore we have that
That is, the expectation value ofX cleanly distinguishes the two saddles in the large N limit. Here -following the discussion of section 2.5 -we have referred to the matrix model saddle as the 'entropic' saddle while the large eigenvalue saddle is the 'energetic' saddle.
X is not an order parameter in the sense that it is invariant under the symmetries of flipping the spins along rows and columns. Instead, it is better to think ofX as the 'square' of the order parameter (see (60)), analogous to the spin-spin correlation function in the Ising model. In the usual local Ising model, 'long range order' is characterized by a nonvanishing correlation between infinitely separated spins. In our nonlocal model, we see that the ordered phase can be characterized by a certain correlation between four spins at arbitrary separation. In the disordered phase, there is no correlation between these four spins, even when they are close together.
The matrix integral phase is also characterized by an emergent SO(N ) symmetry. The quantity built from spins that admits a natural action of SO(N ) is b S Ab z S M b z . Using manipulations like those of (64) above, correlators of this quantity can be expressed in terms of correlators of the Q matrix. In the matrix integral phase, the effective action for Q is SO(N ) invariant. This constraints correlators of Q to be build from the SO(N ) invariant tensor δ AB . Thus, in a phase with an emergent SO(N ) symmetry, the correlators of b S Ab z S M b z are also constrained.
As well as an emergent SO(N ) symmetry, there can also be an emergent SO(N F )
symmetry, that will now act on A S Ab z S Ac z . The entire discussion of the paper goes through if we exchange the role of N and N F and therefore let α → 1/α, which is now greater than one. Figure 2 can be extended to α > 1, and so in particular we see that the range of temperatures over which SO(N ) and SO(N F ) symmetries can emerge in a given system will not be the same in general. The two symmetries are not manifest simultaneously.
Discussion
Our system has a finite dimensional Hilbert space. The description in terms of continuous matrices appears only in the large N expansion; there are no fundamental continuous degrees of freedom in the exact description. Perhaps interestingly, there are certain situations where it has been suggested that the underlying theory of a particular geometry, such as the static patch of de Sitter space [14, 15, 16] or the AdS 2 × S 2 near horizon of extremal black holes [17, 18, 19] , may be described by a finite dimensional Hilbert space. If so, our system may serve as a greatly simplified toy model of such a situation. Moreover, both the static patch of de Sitter space and AdS 2 ×S 2 , do not exist for indefinite temperatures and oftentimes are argued to be metastable. Curiously, and also perhaps interestingly, our system enjoys similar properties. Namely, the matrix integral phase only exists above a certain temperature and moreover is metastable over a significant range of temperatures.
To tighten the connection to interesting geometries, it will be important to study quantum versions of our system. Of interest are analogous matrix phases either at zero or non-zero temperature. In particular, an emergent matrix quantum mechanical phase at a quantum critical point might help elucidate the appearance of SL(2, R) symmetries of the de Sitter static patch (and similarly for AdS 2 × S 2 geometries) studied in [20, 21] . We also hope that a matrix quantum mechanics emergent from a spin system might be able to provide a microscopic realization of the connection between quantum entanglement and geometry suggested by the Ryu-Takayanagi formula for holographic entanglement entropy [22, 23] . From this point of view it might also be interesting to revisit the supersymmetric matrix models that in the planar limit map to a quantum spin chain [24] . Other matrix quantum mechanical systems with a finite Hilbert space are theories of purely fermionic matrices studied extensively in [25] .
We have focussed on the particular Hamiltonian (2). A natural objective for future work is to attain a more systematic understanding of when the S N and Z N 2 symmetries of spin systems are liable to become enhanced to an SO(N ) symmetry described by a single trace action. How much fine tuning is necessary in general? Relatedly, it will of course be important to find systems with more than one emergent matrix degree of freedom.
From a statistical physics perspective, one motivation to realize emergent matrix integral physics from spins was that the connectivity of the eigenvalue distribution is a type of topological order that can to lead to high order non-symmetry breaking phase transitions.
In our model such a transition does not occur, because there is no stable disconnected eigenvalue saddle. However, the antiferromagnetic version of this model does exhibit a transition to a phase with a disconnected eigenvalue distribution, at a temperature above the onset of glassiness, although this point is not emphasized in [8] .
A Quartic formulation of the matrix integral
In this appendix we note that when α = 1 the constrained matrix integral described by (17) and (18) can equivalently be formulated as a constrained quartic matrix integral. This explains the appearance of a known combinatorial expression [11, 12] for the on shell action in this case (41). To do this, all we have to do is adapt the approach taken in [8] to our 'ferromagnetic' version of the matrix Ising model (2).
In [8] it was shown that, in the high temperature phase, the partition function of the matrix Ising model is equivalent at large N to the partition function of a matrix spherical spin model. The Hamiltonian for the matrix spherical spin model is identical to that of the matrix Ising model, but instead of Ising spins the degrees of freedom are real numbers s Aa subject to the global constraint A,a |s Aa | 2 = N N F .
The equivalence between the matrix Ising model and the matrix spherical spin model in the high temperature phase also holds for our ferromagnetic matrix Ising model. The steps are those explained in [8] . The case of α = 1, i.e. N = N F , is especially simple. Because the spins now take values in the real numbers, we can directly diagonalize the matrix s Aa to express the spherical spin model partition function as an eigenvalue integral. In the large N limit:
where µ is introduced to impose the global constraint, the x i are the eigenvalues of the spin matrices and the action is given by 
The first term comes directly from the 4-spin interaction (recall that λ = −1/(16N ) in (2)), the second and last term come from the constraint and the logarithmic term arises from the matrix transformation that diagonalizes the matrices over which we integrate.
The action describes particles in a quartic potential with repulsive interactions through the logarithmic term. For α = 1 the main difference is that there will be an additional term log |x i | in the above eigenvalue potential [8] . This explains why these cases have more complicated expressions for the energy, they are not purely quartic. The external potential − β 16 x 4 − βµ 32 x 2 has a local minimum for µ < 0 with a barrier height that is set by the temperature. The high temperature phase we are interested in thus becomes unstable below a critical temperature, where the eigenvalue repulsion pushes the eigenvalues over the barrier. This completely mimics the structure we found in the main text.
Introducing the symmetric eigenvalue distribution (normalized to unity)
the equations of motion derived from (67) in the large N limit become
The equation of motion for µ imposes the contraint dyρ(y)y 2 = 1.
The following solution for the eigenvalue distribution is found
and vanishing support elsewhere. For the eigenvalue distribution to be nonnegative we need . The nonnegative condition on the eigenvalue distribution is also obeyed in this temperature range. We thus
